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ABSTRACT 
If (~,,,),,,e~~ denotes a Lucas sequence, i.e. a binary integer recurrence sequence with initial 
values uc = 0 and ur = 1, then the equation ku, = lu, with k, la Z \ { 0) and max{ m, n} 2 5 can be 
valid only for finitely many Lucas sequences with coprime roots and finitely many indices m, n E N, 
which can - both - be effectively bounded. This yields lower bounds for Iku,-lu,,l. In the same 
way the equation u,=/ can be considered, and this gives a partial answer to a conjecture of 
Beukers concerning multiplicities of binary recurrences. The proofs depend on estimates for linear 
forms in logarithms and on bounds for the solutions of equations in binary forms. 
1. INTRODUCTION 
Binary (linear integer) recurrences are sequences (u,),,~~ of rational in- 
tegers which satisfy 
u,+~=Mu,+,+Nu, (mrO), u,,,u,~Z 
with M, NEZ. If the initial values are uo= 0 and Z.Q =1, they are known as 
Lucas sequences (of the first kind). Throughout the paper we assume that the 
roots o, /I of the companion polynomial x2 - Mx - N are non-zero and that the 
quotient a/p is not a root of unity; this implies MN#O. 
An old problem is to determine if and how often a number I is attained by 
a given linear recurrence. Therefore we define the I-multiplicity p(I) of a given 
recurrence (u,), E N0 as the number of indices m E fNo such that u, = 1. Ward 
conjectured p(l) I 5 for non-degenerate binary recurrences (i.e. x2 - Mx - N is 
irreducible and a//3 is not a root of unity), and this was established by Kubota, 
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who proved p(l)14 in [Ku]. Beukers [Be] improved this to p(l) +p(-l) 5 3 ex- 
cept for finitely many explicitly given recurrences, and in the same paper he 
conjectured ~(1) = 1, ~(-1) = 0 for all Lucas sequences, apart from the (infinitely 
many) exceptions given by M= + 1 (then u2 = + l), M2 + N= + 1 (then u3 = + 1) 
and M= +12, N=55,377 (then u5= + 1). Surveys about these and related 
problems can be found in [LPI or [T]. 
Furthermore we can consider more general equations of the form ku, = lu,. 
In [PSI Parnami and Shorey studied the equation U, = U, in arbitrary binary 
recurrences and derived bounds for m and n in terms of the given recurrence. 
Shorey extended these results in [Sh] to the equation ku,=lu, with algebraic 
numbers k and 1. The case of linear recurrences of arbitrary order was treated 
by Kiss in [Kisl]. 
In this paper we restrict ourselves to equations ku,=lu, with non-zero ra- 
tional integers k, 1 and to the case of Lucas sequences, and we prove that there 
exist only finitely many indices m, n E N with max { M, n} L 5 and finitely many 
Lucas sequences with coprime roots which yield solutions of this equation, and 
both can be effectively bounded with respect to k and 1. In the proof we use 
the representation 
am-pm 
u, = 
a-8 
(mz0) 
for the Lucas numbers u, and apply estimates for linear forms in logarithms 
to derive upper bounds for m and n which depend only on k and 1. For m and 
n below this bound we write u, and u, as polynomials in M and N and com- 
bine this representation with a result about equations in binary forms (Theo- 
rem 7.3 in [ST]), which is stated as Theorem B in this paper. 
Theorem 1. Let k, 1 be non-zero rational integers with H= max{ 1 k [,I1 I,2}. 
Then there exist computable constants c,, c, E R,, where cl is absolute and c2 
depends on H, with the property: 
If for m, n E N with m > n and a Lucas sequence (u,), E N0 with coprime 
roots 
ku, = lu,, 
then one of the following assertions holds: 
6) (m,n)E{(2,1),(3,1),(4,2)}=1, 
(ii) (m,n)t$&‘, max{m,n}~cllogH, max{ [MI, INl>~c2. 
Remarks. (1) The roots of a Lucas sequence are coprime if and only if M and 
N are coprime. 
(2) An analogous result can be proved for all Lucas sequences with complex 
roots a, /3, if the class number of Q(a) is 1. 
(3) The binary integer recurrence (u,,,),~~~ defined by 
o,+~ =Mv,+,+Nu, (mrO), oe=l, vi=0 
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satisfies o, = Nu, _ 1 for m 11. Hence Theorem 1 allows to deal with the equa- 
tion ku,,, = lo,. For general binary integer recurrences 
w,+~ =Mw,+,+Nw, (m?O), w~,w,EZ, 
Shorey [Sh] considered the equation ku, = lu, and proved that m, n are bounded 
by a computable constant depending on k, 1, and the given recurrence. A bound 
for m, n independent of M, N, k, 1 cannot be given in this general case. 
Of particular interest is the case k = 1, n = 1 of Theorem 1, which deals with 
Beukers’ conjecture. Using the same method as in the proof of Theorem 1 we 
prove a weaker result than Beukers’ conjecture, namely p(l) = 1, ~(-1) = 0 for 
all Lucas sequences with u2, u3 # + 1 and max{ [MI, INI} > c4 with an absolute 
constant c4 E R,, or c((1)=2, if z+=l or u3=1 and max(IMI,fNI}>c4, or 
~(1) I c3 with an absolute constant c3 E IR, in the finitely many remaining cases, 
where max{ IMI, INI} 5 c,. In the same way we show ~(1) I 1 for all Lucas se- 
quences with max{ [Ml, INI} > c4(l), c4(l) E IR, a computable constant depend- 
ing only on I (where cc(l) = 1 is possible only if u2 = I or u3 = I), and p(l) I ~~(1) 
with a computable constant c3(I) E R, depending only on 1, if max{ /MI, INI} I 
c4U). 
A related problem can be found in [EGSS] of Estes et al., where the authors 
ask if there exist finitely many pairs (a, n) with a natural number n 12 and an al- 
gebraic integer a of degree 2, p the conjugate of o, such that (a” -/I”)/@ - p) = 
+ 1. For n = 2,3 there exist infinitely many a with this property, but for n 14 
we conclude from Theorem 2 that there exist only finitely many effectively com- 
putable pairs. 
A more general result concerning the problem of determining all indices 
n E h\J and all Lucas sequences (u,),, DJ0 with coprime roots such that u, is 
composed of primes from a fixed finite set was established by Gyory et al. in 
[GKS]. If we drop the coprimality condition, we can prove the following 
weaker result. 
Theorem 2. Let 1 be a non-zero rational integer. Then there exist computable 
constants c3, c4 E II?+ depending only on I, with the property: 
If for n E n\l, n 12, and a Lucas sequence (u,,,), E N0 
U” = 1, 
then one of the following assertions holds: 
(i) n = 2, M= I, 
(ii) n=3, M2+N=l, 
(iii) 4Snlc3, max{lMI, INl}5c4. 
Combining Theorem 1 with a lower bound for /#,I (see Theorem D), we 
can derive the following lower bound for I ku, - lu, I, which improves results 
of Shorey [Sh] for arbitrary binary recurrences. The bound of Shorey is valid 
if max{ m, n} is sufficiently large with respect to k, I and the given recurrence, 
but in the special case of Lucas sequences our bound is valid for all Lucas 
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sequences with coprime roots and all indices m, n apart from finitely many ex- 
ceptions with max{ (MI, IN[}~c,logH and max{m,n}lc2, cl and c2 as in 
Theorem 1. 
The difference llsi u,,,I - Isz u,J with linear recurrences (u,),,,~ DJO and (o,),~ NO 
of arbitrary order and integers si, s2 composed of primes from a fixed finite set 
was studied by Kiss in [KisZ], and he derived lower bounds depending on the 
given recurrences, the set of primes and on max{m, n}. 
Theorem 3. There exists a computable absolute constant cs E IR, such that for 
all non-zero rational integers k, 1 with H= max( I kl, I I I, 2) and all Lucas se- 
quences with coprime roots a, B and la I 1 I/3] >0 the inequality 
Iku,-Zu,l L lalmexp(-cs(log lal)2(logm+logH)log(n+2)) 
holdsform~5andm>nrl ifmax{~M~,~N~}>~~orm>c~logHwithc~, c2 
as in Theorem 1. 
The author is indebted to Prof. R. Tijdeman for his suggestion and en- 
couragement to tackle these problems during a stay at the University of Leiden 
and for his comments on an earlier draft of this paper. 
2. PRELIMINARIES 
For a non-zero algebraic number a define m, the house of a, as the maximum 
of the moduli of all conjugates of a, and H(a), the height of a, as the maximum 
of the moduli of the coefficients of the minimal polynomial of a (in Z[x]). 
If a, /3 denote non-zero algebraic numbers and y a non-zero algebraic integer, 
we have the inequalities 
(1) 
1 
la I L deg(a)-‘H(a)-‘, 
m 5 deg(a)H(a), 
logH(a+8)1c,max{logH(a),logH(P)}, 
log HW) 5 c7 m={log H(a), log WP>), 
y not a root of unity * w 11 + cs, 
H(y) I (2 m)deB(Y), 
where the constants c6, c,, cs E IF?, are effectively computable and depend only 
on the degree of the algebraic numbers in question. Details can be found in 
Chapter A of [ST]. 
In the proofs we use the following estimate for linear forms in logarithms due 
to Philippon and Waldschmidt [PW]. 
Theorem A. Let al, . . . , a,, be non-zero algebraic numbers, bl, . . . , 6, be ration- 
al integers and A,, . . . , A,, B be positive real numbers with Ai 2 max {H(ai), e} 
(lsisn) andBrmax{bl ,..., b,,e}. Put d=[Q(a, ,..., a,):Q]. Zf 
then 
with Q=logA, --- log A,, and an effectively computable constant c9 E IR, de- 
pending only on n and d. 
Furthermore we need a result about equations in binary forms which can be 
found as Theorem 7.3 in [ST] in a more general version. 
Theorem B. Let f (x, y) and g(x, y) be binary forms with rational integer coef- 
ficients. Suppose f has at least three pairwise non-proportional linear factors 
in its factorization over C which do not divide g over C. Then all solutions of 
the equation 
af (b, c) = g(b, c) 
in rational integers a, b, c with af(b, c) # 0 and gcd(b, c) = 1 satisfy 
mMla19 Ibl, ICI> 5 CIO 
with a computable constant cl0 E II?, depending only on f and g. 
The next result about perfect powers in non-degenerate binary recurrences is 
due to Shorey and Stewart [SS]. 
Theorem C. Let A,,A,,A,,BEZ with A,A,B#O andA;-4A,A3#0. Let a, 
b, t with la I > 1 and t > 1 be rational integers satisfying 
A,a2’+A2atb+A3b2 = B. 
Then 
max{laI, Ibl,t) 5 CII 
with a computable constant cl1 E IR, depending only on A,, AZ, A3, and B. 
In the proof of Theorem 3 we need the following growth property of Lucas 
sequences, which can be proved analogous to a theorem of Stewart ([St], p. 33; 
also in [SS], Lemma 5, or [ST], Theorem 3.1). 
Theorem D. Let (u,), E M0 denote a Lucas sequence with roots o, j3 E C and 
1 a 1 L I p I > 0. Then there exists a computable absolute constant cl2 E IR, such 
that for n L 2 
Iu,I 2 (,In-Cfi2’0gn. 
We denote by yl, y2, . . . and cl, c2, . . . computable positive real constants occur- 
ring in the proofs, and the dependence is explicitly indicated. 
3. FIBONACCI POLYNOMIALS 
The numbers u, of a Lucas sequence can be represented as polynomials in 
the coefficients A4 and N of the recurrence: 
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These polynomials are known as Fibonacci polynomials and satisfy the recur- 
rence relation 
Q,,z+2(w,z) = wQm+i(w,z)+zQm(w,z) (mr0) 
with Q0 = 0, Qt = 1. From the recurrence relation we can deduce divisibility 
properties for Q,, Q,, with m, n E h\l: 
+r * QmiQn, 
d(Qm Qn) = Qgcd(m,n). 
More details about Fibonacci polynomials can be found in [F] or [Kim]. 
For the proof of Theorem 1 we need the form 
(2) Q&w, z) = 
%<w2, 21 for odd m, 
wPm(w2,z), for even m, 
and the polynomials P,(w, z) E Z[w, z] are homogeneous of degree [(m - 1)/2]. 
Since the roots of the polynomial Q,(w, 1) are the distinct complex num- 
bers 2i cos(hn/m) for 1 I h urn - 1 (see [HB]), the polynomial P,,,(w, 1) has 
[(m - 1)/2] different roots. Using these facts, we can derive from Theorem B 
the following 
Lemma 1. Let (u,), E M, denote a Lucas sequence and k, 1 be non-zero ration- 
alintegerswithH=max{~k~,~f~,2}.Zff or m, n E II4 with [(max{m, n} - 1)/2] - 
[(gcd(m, n) - 1)/2] L 3 the equation 
ku, = lu, 
holds, then 
ma{ IN, INI 1 5 c13 
with a computable constant cl3 E IT?, depending only on m, n, and H. 
Proof. If m, n are both odd or both even, then kP,(M’,N) = IP,,(M2,N) 
holds, and after dividing by a common factor PsCd(m,n) we have coprime poly- 
nomials Ph and Pi. Because of the assumption about m and n at least one 
polynomial has at least three pairwise non-proportional linear factors. Suppose 
d = gcd(M’, N). Without loss of generality we can assume m > n. Then we have 
with 6=degPh-degP,‘rl 
d6 kP;(M2/d, N/d) = IP;(M2/d, N/d). 
Since u,#O for m E IN, we can apply Theorem B with f(x, y) = kPh(x, y), 
g(x, y) = IP,‘(x, y), a = ds, b = M2/d, c = N/d and derive the assertion. 
If m>n and m even, n odd, we can derive in the same way - i.e. dividing 
by P&d@,,, )and writing d = gcd(M2, N), 6 = deg PA - deg P,12 0 - the equation 
ddMkP;(M2/d, N/d) = ZP;(M2/d, N/d). 
With a = dsM, b = M2/d, c = N/d the assertion follows from Theorem B. 
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In the last case with m>n and m odd, n even, we divide once more by 
P gcdCm,nj a d deduce with d and 6 r 1 as above 
d’-‘MkP;(M*/d, N/d) = l(M*/d)P;(M*/d, N/d). 
Now we put a=d*-l M, g(x, y) =xlP,‘(x, y), b = M*/d, c= N/d, and the ap- 
plication of Theorem B yields the assertion. 0 
4. PROOF OF THEOREMS 1 AND 2 
Lemma 2. Let (u,),, MO denote a Lucas sequence with coprime roots and k, 
I be non-zero rational integers with H= max{ 1 k I, 1 II, 2). rf for m # n 
ku, = lu,, 
then 
max{m,n} Ic,,logH 
with a computable absolute constant cl4 E IR,. 
Remark. If we consider Lucas sequences with complex roots a, jI, where the 
class number of Q(a) is one, Lemma 2 is still true, and there is no essential 
change in the proof, because it is possible to divide by the common divisor of 
a and /3, which is a complex algebraic integer of degree 2 with absolute value 
at least 1. 
Proof. Suppose a, /3 are the roots of the Lucas sequence with /aI ~1 PI >O. 
Following the remarks in paragraph 2, there exists a computable absolute con- 
stant yr E IR, with log H( P/a) I y1 log I a I and y1 log I a I L y1 log( 1 + cs) 1 e. 
The equation ku, = lu, is equivalent to 
(3) 
I an-pn 
I-(/l/a)“=, (em 
and 
(4) a”(kam-” -1) =fl”(k/3m-“-I). 
Under the assumption m>n we apply Theorem A to (3) and get 
= I1 -(/l/a)“] 
2 exp(-y2 log /aI log m). 
This yields 
(5) m-n< y,(logm+logH). 
From (4) and the fact that a and B are coprime, we conclude that there exists 
an algebraic integer q of degree at most 2 satisfying 
(6) qa” = k/3m-“-l. 
If a, /3 are algebraic of degree 2, we have from (4) 
Q$” = kum-“- I, 
but by conjugation of (6) we get 
and therefore lul= lqlr 1. If a, /3 are rational integers, Iv/~1 is obvious. Com- 
bining this with (6) and (5), we can bound n by y4(log m + log H). This implies 
m I ys(log m + log H) and m 5 76 log H with a computable absolute constant 
Y6E R+. Cl 
Under the assumptions of Theorem 1 m and n are bounded by a computable 
constant depending only on H, as shown in Lemma 2. For those values of m 
and n with 
[(max{m, n} - 1)/2] - [(gcd(m, n) - 1)/2] r 3 
Lemma 1 yields bounds for (Ml and INI, and this is the case if m = max{m, n) > 
n and m 17, but (m, n) # (8,4), (10,5). 
To complete the proof, we write down the polynomials for u, in the re- 
maining cases: 
ui =l, 
u2 =iW, 
u3 =M’+N, 
u4 = M(M2 + 2N), 
US =M4+3M2N+N2, 
u,j = M(M2+N)(M2+3N), 
u-1 = M6+5M4N+6M2N2+ N3, 
u8 = M(M2+2N)(M4+4M2N+2N2), 
u9 = (M2+N)(M6+6M4N+9M2N2+N3), 
uIo = M(M4 + 3M2N+ N2)(M4 + 5M2N+ SN’). 
Without loss of generality we assume that k and 1 are coprime. 
The equation kulo = lu, implies 
kM(M4+5M2N+5N2) = I, 
hence M ) 1. Then [MI and INI are bounded by a computable constant depend- 
ing only on H. 
If ku8 =lu4, then Theorem C implies that JMJ and JNJ are bounded by a 
computable constant depending only on H. 
In the case ku6 = lu, and ku6 = lu, M divides 1, hence IMI is bounded, and 
the same holds for INI. 
If ku6=Iu2, then M2+N and M2+3N are both divisors of 1. This yields a 
lower bound for INI and also for /MI. 
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Since it4 and N are coprime, the numbers M2 + N, M2 + 2N respective M2 + 
3 N, M2 + 2N are coprime, and then the equation ku6 = lu4 implies M2 + N [I, 
M2+ 3NI 1. This yields bounds for [MI and (NI. 
The equation ku6 = lug together with gcd(it4, N) = 1 implies M 11 and 
N((3k-l/M)N+4kM2-3Ml) = M4(1/M- k). 
Hence INI is bounded. 
With similar arguments we show that [MI and INI are bounded with respect 
to H for 5 2 m > n 2 1, but (m, n) # (2, l), (3, I), (4,2). In these cases we have in- 
finitely many solutions, if k 11, and no solutions otherwise. 0 
Now we turn to the proof of Theorem 2. The exceptional cases n = 2 and n = 3 
are obvious. With Ial 2 j/31 >0 we have 
1 - (P/a)” = l(a -p)/cY” 
instead of (3), and from Theorem A we deduce n 5 y1 with a computable con- 
stant y1 E IT?, depending only on 1. 
First we assume that n is even with 45 n I yi. In view of (2) we know 
MP,(M’, N)=l, and this yields effective bounds for IMI and INI depending 
only on 1. 
If n 17 is odd, we have the Thue equation Pn(M2, N) = 1 in integers M2 and 
N with deg P,z3, and P,, has no multiple roots. Baker showed in [Ba] that 
solutions X, YE Z of P,(X, Y) = 1 can be effectively bounded in terms of P,, and 
1, and this yields bounds for [MI and INI. 
The remaining case n = 5 deals with the equation P,(M2, N) =M4 + 3M2N+ 
N2 = 1, and Theorem C gives bounds for IMJ and INI depending on 1. Cl 
5. PROOF OF THEOREM 3 
In the proof we distinguish two cases. First we assume 2 I lu,] I 1 ku, I. Then 
we have by Theorem D 
Iku,,,-lu,I 2; Ikl I(rj”-“~*~~~, 
and this implies the assertion without additional conditions. 
If 2llu,l> I&I, we apply Theorem A with the same arguments as in the 
proof of Theorem 1 to derive a chain of inequalities: 
4Hlal”r 2111 la”--_“I 
> Ikl laIrnIl -(B/a)“1 
2 Ikl lajmexp(-Y210gmlog [al). 
This implies O< m - n I ys(log m + log H). Suppose m 2 5. If m > c, log N or 
max{ /MI, INI} >c2 we know ku, - lu,#O by Theorem 1. From the first and 
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last inequality in (1) we deduce 
lka ‘=“-ll r (2H(ka”-“--I))-’ 
r (2 Ikam-“-Il)-Y’ 
rexp(-y,(logfZ+(m-n)log /al)) 
zzexp(-y,log la((logm+logW)). 
Since log H( /3/a) s y7 log ) a ) and 
5 ylo(h m + log Hi) log I a I, 
we can apply Theorem A and get 
lal” >pexp(-ylI(log ~a~)2(logm+logH)log(n+2)) 
- 214 
2 lalmw(-h2(lw Ia0200gm+logN)log(n+2)), 
and this is the assertion. 0 
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